ON TELGARSKY’S QUESTION CONCERNING
B-FAVORABILITY OF THE STRONG CHOQUET GAME

LASZLO ZSILINSZKY

ABSTRACT. Answering a question of Telgdrsky in the negative, it is
shown that there is a space which is S-favorable in the strong Choquet
game, but its nonempty Wjs-subspaces are of the 2nd category in them-
selves.

1. INTRODUCTION

One of the well-known applications of the Banach-Mazur game [HMC]
(also known as Choquet game [Ke]) is a characterization of Baire topological
spaces (i.e. spaces where nonempty open subspaces are of the 2nd category
in themselves); namely, a space is Baire iff the first player in the Banach-
Mazur game has no winning strategy [Ox, Kr|]. The strong Choquet game
[Ke] is a modification of the Banach-Mazur game that also yields nice char-
acterizations of various completeness-type properties (see below). In par-
ticular, Telgarsky [Te] noticed - somewhat analogously to the above Baire
space characterization - that in any topological space, if the first player
in the strong Choquet game has no winning strategy, then the nonempty
Wis-subspaces are of the 2nd category in themselves (where Ws-sets are gen-
eralizations of Gs-sets introduced by Wicke and Worrell [WW]), and asked
whether it is actually a characterization. This indeed is the case, e.g., in
1st countable Ti-spaces [Zs]|; however, we will show that a counterexample
exists in the non-1st-countable case, and so Telgarsky’s conjecture fails.

First we introduce the relevant notions and terminology: let B be a base
for a topological space X, and denote & = {(z,U) € X x B:x € U}. In the
strong Choquet game C'h(X) players  and « alternate in choosing (z,, V,,) €
& and U, € B, respectively, with g choosing first, so that for each n € w,
x, € U, CV,, and V41 C U,. The play (zo, Vo), Uo, ..., (xn, Vo), Uy, ... is
won by g, if (), Vi, = 0; otherwise, o wins. A strategy in Ch(X) for 3 is
a function o : B<¥ — &£ such that o(0) = (xo, V), and o(Uy,...,U,—1) =
(2, Vi) with V,, C U,,_4 for all (Uy,...,U,_1) € B", n > 1. A strategy o for
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B is a winning strategy, if f wins every run of Ch(X) compatible with o.
We will say that Ch(X) is 5-favorable, provided 8 has a winning strategy
in Ch(X). Strategies for a in Ch(X), and a-favorability of Ch(X) can be
defined analogously [Ke].

The strong Choquet game was introduced by Choquet in [Ch], who
showed that in a metrizable space X, o has a winning strategy in C'h(X)
iff X is completely metrizable. Later, Debs [De| and Telgdrsky [Te] inde-
pendently showed that if X is metrizable, then [ has a winning strategy in
Ch(X) iff X is contains a closed copy of the rationals (i.e. iff X is not hered-
itarily Baire). The strong Choquet game has been studied in non-metrizable
settings as well (cf. [Po],[GT],[Ma],[CP],[BLR],[DM],[Zs]).

Let Y C X. A sieve of Y (cf. [CCN], [Gr]) in X is a pair (G, T), where
(T, <) is a tree of height w with levels Tg, 71, . .., and G is a function on T
with X-open values such that

o {G(t):t €Ty} is a cover of Y,

e YNGHt)=U{YNG):t' €T,y1,t >t} for each n, and t € T,

ot <t = G(t) DG() for each t,t' € T.
We will say that Y is a Ws-set in X, if Y has a sieve (G,T) in X such
that (), G(t,) C Y for each branch (¢,) of T. A Gs-set is also a Wi-set. A
Tychonoff space is sieve complete iff it is a Wy subspace of a compact space
iff it is a continuous open image of a Cech-complete space [WW, Theorem
4]; in particular, sieve complete spaces are of the 2nd Baire category.

Denote by C'L(X) the set of all nonempty closed subsets of a Tj-space
X, and for any S C X put S™ ={A € CL(X): ANS # 0} and ST ={A €
CL(X) : A C S}. The Vietoris topology [Mi] 7 on C'L(X) has subbase
elements of the form U~ and U™, where ) # U C X is open; so a base for
Ty is

By = {U+ﬁﬂUi_ :n €w, U,U; C X open}.
i<n
The space (C'L(X), 1) is Ty (resp. T3) iff X is T (resp. Ty), and (CL(X), 7v)
is compact iff X is compact [Mi]. If A is an open (resp. closed) subspace
of X, then CL(A) is an open (resp. closed) subspace of CL(X); X embeds
as a subspace in CL(X) (it embeds as a closed subspace iff X is T3). The

following lemma will be used in the main result:

Lemma 1.1. [Mi, Lemma 2.3.1]

IFUT NN, U, VINN,<, Vi € By, then the following are equivalent:
) UTNNicy U SVIN Ny Vi
(ii) U CV, and for every j < m there is i <n such that U; CV.
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2. MAIN RESULT

The Tychonoff square is defined as X = (w; + 1) X (wy + 1) \ {(w1,w1)},
where wy is the first uncountable ordinal with the order topology.

Theorem 2.1. If X is the Tychonoff square, then
(i) Ch(CL(X)) is B-favorable, and
(i) every nonempty Ws-subset of CL(X) is of the 2nd category in itself.

Proof. (1) We will construct a winning strategy o for § in Ch(CL(X)).
Denote A = {(z,z) € X : € w}, and put o(@) = (Ap, Vy), where
Ap = {wr } xwiU{(x0,50)}, and Vo = (X \A)"N{(x0,y0)} ", where zq > o,
and (z0,%0) ¢ A is an isolated point of X. If Uy = Wy NN, W, € By
is a’s first step, then Ay € Uy C V. It follows that {w;} x w; C Wy, so we
can find x; > xy such that (x1, ) € Wy is isolated in X. Denote y; = xy,
Ar = Ao U{(z1,91)}, Vi =UoN{(z1,91)} ", and put o(Up) = (A1, V1).
Assume that given n € w and j < n, we have defined

(Aj, Vj> = O'(Uo, ce ,Ujfl) whenever (Uo, R ,Ujfl) S Bg/,
so that {wi} x wy U {(z;,y;)} C A; for some isolated point (x;,y;) of X
such that
Y < To=Y1 <T1 =Y < < Tp_1=Yn < Tp.

Let U, = W N, W, € By be a’s next choice, i.e. A, € U, CV,. It
follows that {w; } ><u;1 C W, so we can find z,,+1 > x, such that (z,41,x,) €
W, is isolated in X. Denote vy, 11 = Zn, Apy1 = AnU{(Tni1,Yns1)}, Vi1 =
U, N{(zns1,Yns1)} ", and put (U, ..., U,) = (Ans1, Vir1)-

CLAM 1. o is a winning strategqy for B in Ch(CL(X)).

Indeed, let § play according to o, and assume there exists some A €
N, Vn. Then A € Vg, s0 A C X \ A, moreover, B = {(2p,yn) : 1 €
w} C A. Since the sequences (z,,), (y,) converge to a common z € wy, then
(z,7) € BC AC X\ A, a contradiction.

(2) Let M be a nonempty Ws-subset of CL(X), and (G,T) a sieve of
M in CL(X) witnessing that M is a Wi-set.

CLAIM 2. AM € M which is compact in X, i.e. there is some A < wy such
that M C K (X), where K(X\) = [0,\] X (wy + 1) U (wy + 1) x [0, A].

Indeed, take any M, € M. Let (¢,) be a branch in T so that My € G(t,)
for each n, and without loss of generality, assume that each G(t,) is a 7y~
basic element, i.e. G(t,) = Gy N(,c,,,, U(2n:)~ € By, where m,, € w, G, is
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open in X, and U(z,,;) C G,, is a basic (compact) neighborhood of z,,; € X.
Since (G(t,))n is decreasing, it follows from Lemma 1.1 that, given n and
i < my, there is j < my,11 such that U(z,4+1) C U(2y,,), SO we can assume
that mp41 > my,, and that for all ¢ < m,,, U(zp41:) € U(z,,). Fix n € w,
and i < my. Then Mo N (7,5, U(2p:) is a nonempty compact set, so we
can choose u,; € My N ﬂpZn U(zpi). Then M = {u,; :n € w,i <my} is
clearly compact, moreover, M C My C G,, and M N U(z,;) # 0 for each
n € w,i < my; thus, M €, G(t,) € M.

It follows by Claim 2, that My = M N K(\)" is nonempty, and, as an
open subspace of the Ws-set M, it is a Ws-set. Furthermore, since K () is

a clopen compact subspace of X, CL(K())) is a clopen compact subspace
of CL(X). In summary, M, is a Ws-subset of the compact CL(K(\)), so it
is sieve-complete and, thus, of the 2nd category in itself. This implies that
M is of the 2nd category in itself, since M is an open subspace of M. [
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